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Midisuperspace quantization: possibilities for fractional and emergent
spacetime dimensions
Rakesh Tibrewala∗
Centre for High Energy Physics, Indian Institute of Science, Bangalore-5, India†
Recently, motivated by certain loop quantum gravity inspired corrections, it was shown that
for spherically symmetric midisuperspace models infinitely many second derivative theories of
gravity exist (as revealed by the presence of three arbitrary functions in the corresponding La-
grangian/Hamiltonian) and not just those allowed by spherically symmetric general relativity. This
freedom can be interpreted as the freedom to accommodate certain quantum gravity corrections in
these models even in the absence of higher curvature terms (at a semi-classical level, at least). For a
particular choice of the arbitrary functions it is shown that the new theories map to spherically sym-
metric general relativity in arbitrary number of (integer) dimensions thus explicitly demonstrating
that when working with midisuperspace models, one loses the information about the dimensionality
of the full spacetime. In addition, it is shown that these new theories can accommodate scenarios
of fractional spacetime dimensions as well as those of emergent spacetime dimensions – a possibility
suggested by various approaches to quantum gravity.
I. INTRODUCTION
Symmetry reduced models of gravity, the minisuper-
space [1, 2] and the midisuperspace models [3, 4] as they
are often called, play a key role in the investigation of var-
ious approaches to quantum gravity. Because of the im-
position of spacetime symmetries - homogeneity of space
in the case of minisuperspace models and spherical sym-
metry for (one class of) midisuperspace models - the re-
sulting symmetry reduced Hamiltonian of general rela-
tivity is simpler than that of the full theory. It is then
hoped that the resulting simplified theory (or model) will
be easier to quantize and will provide useful hints for the
quantization of the full theory of general relativity.
However, this simplification of the theory for symmetry
reduced models comes with a cost; one loses information
about the dimensionality of the full spacetime, specifi-
cally the dimensions corresponding to symmetry direc-
tions. For instance, irrespective of the number of space-
time dimensions, the phase space of the homogeneous
and isotropic Friedmann-Robertson-Walker (FRW) cos-
mological model is two dimensional, coordinatized by the
scale factor and its conjugate momentum. Similarly, the
phase space of a spherically symmetric spacetime is 4∞
dimensional (corresponding to two metric variables and
their conjugate momenta) irrespective of the number of
spherically symmetric directions.
This fact, though obvious when stated as above, is not
always fully appreciated and this is so for a good rea-
son. The symmetry reduced or midisuperspace models
that one considers are obtained by imposing appropriate
spacetime symmetries on Einstein’s theory (or its higher
derivative generalizations like the Lovelock theory [5]).
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The corresponding Lagrangian (Hamiltonian) has a def-
inite structure with the information about the dimen-
sionality of the full spacetime present in the coefficients
of the various terms in the Lagrangian (Hamiltonian) of
the symmetry reduced theory. The information about the
dimensionality of the spacetime can be easily retrieved
from the solution of the corresponding equations of mo-
tion. For instance, the Schwarzschild solution in n + 2
dimensions (n > 1 and n ∈ Z and where n corresponds
to the number of spherically symmetric directions) is of
the form 1 − c/rn−1 and thus the form of the solution
contains the information about the dimensionality of the
full spacetime.
However, recently it was found that as far as spher-
ically symmetric midisuperspace models are concerned,
there is much more freedom in the structure of the the-
ory and the symmetry reduced version of general rela-
tivity is just one among infinitely many possible second
derivative theories for these spacetimes [6]. This infi-
nite freedom is reflected in the presence of three (two)
arbitrary functions of the metric coefficient gφφ (labeled
Er in the bulk of the paper) in the Hamiltonian of the
theory in the presence (absence) of the cosmological con-
stant. For specific functional forms of these functions,
one can then obtain new spherically symmetric solutions
not present in general relativity. The arguments of the
previous paragraph then imply that, in general, it would
not be possible to tell the dimensionality of the full space-
time to which these solutions correspond to (see section
II and mainly section III below).
All this might seem inconsequential and insignificant
as these new theories do not correspond to symmetry re-
duced classical general relativity. This would be the case
if not for the quantum theory. As mentioned earlier, one
of the main interests in symmetry reduced models is that
they provide a simplified setting in which to understand
various aspects of quantum gravity. And as is true for
any quantum theory, quantum gravity will lead to quan-
tum corrections of classical Einstein theory (including
2its symmetry reduced versions). These quantum correc-
tions can appear in various forms like mass (and charge)
renormalization in the case of Schwarzschild (Reissner-
Nordstro¨m) black holes as well as (quite generally) these
should also show up in the form of field renormalization.
Now, in general, the form of quantum corrections is
difficult to constrain and symmetry arguments are of-
ten required to obtain a viable quantum theory. The
underlying symmetry of general relativity is diffeomor-
phism covariance and it is expected that the smooth dif-
ferential geometry structures of classical general relativ-
ity will give way to discrete structures in quantum gravity
for which the usual notions of diffeomorphism invariance
might not directly apply. In such a scenario an algebraic
notion of symmetry would be more useful. Such a notion
is provided in the canonical formulation of general rela-
tivity where general covariance of the theory is encoded in
the closure of the constraint algebra (of the Hamiltonian
and diffeomorphism constraints) [7]. It is expected that
even when the classical notions of geometry are not appli-
cable, the commutator of the operators corresponding to
the classical Hamiltonian and diffeomorphism constraints
would close just as in the classical theory.
In essence, precisely this criterion was used to obtain
the new theories referred to above (although these theo-
ries, being classical, were obtained by working with the
classical phase space variables and not the corresponding
operators on the Hilbert space of the symmetry reduced
theory). In other words, the criteria for terming the new
theories as theories of gravity is that they are diffeomor-
phism invariant in the t− r plane as revealed by the fact
that these theories have a Hamiltonian constraint and
a diffeomorphism constraint and these constraints obey
the standard constraint algebra of (symmetry reduced)
general relativity. The arbitrary functions appearing in
the Hamiltonian of the theory can be thought of as cor-
responding to the possibility of accommodating some of
the quantum corrections to spherically symmetric general
relativity (without requiring the incorporation of higher
curvature/derivative terms).
In the semi-classical regime, where one expects the no-
tion of the metric to be meaningful, field renormaliza-
tion would presumably show up in the form of a mod-
ified metric function (see [8–12] for instance, where ef-
fects of certain loop quantum gravity (LQG) inspired cor-
rections were considered for Schwarzschild and Reissner-
Nordstro¨m geometries). And it is precisely here that the
considerations of the previous paragraphs become impor-
tant as these immediately imply that if, as in the classical
theory, one continues to extract the information about
the dimensionality of the full spacetime from the form of
the metric even in the semi-classical regime then in the
presence of non-trivial quantum corrections one would no
longer be able to tell the dimensionality of the original
spacetime one started with.
Not only this, but depending on the exact form of the
quantum corrections, it might turn out that in the quan-
tum theory the dimensionality of the full spacetime is
different from that of the classical spacetime being quan-
tized. Furthermore, generically it will turn out that the
dimensionality of spacetime is not even integral but is
fractional. To take a concrete example, if a quantization
of the Schwarzschild spacetime (in n + 2 “classical” di-
mensions) leads to a metric coefficient with the leading
order form 1 + cf(r)/rn−1 with f(r) corresponding to
quantum correction then, in certain cases depending on
the form of f(r), the spacetime may well be regarded as
having fractional dimensions (see section IV below).
This apparent drawback of the theory can, in fact, be
turned into a virtue since such a possibility gels well with
the scenario of fractional and/or emergent spacetime di-
mensions as is suggested by various theories of quantum
gravity. In a lot of these theories it is the spectral di-
mension of the quantum spacetime that is calculated like
in the causal dynamical triangulation (CDT) [13] or in
LQG [14–16] (see [17] for earlier work in the context of
LQG and [18] in the context of spinfoams) as well as
in some other approaches like asymptotic safe gravity
[19, 20] and Horava-Lifshtiz gravity [21] including the
more recent suggestion for fractal spacetime [22] (also
see [23, 24] for a general overview of various approaches
to spectral dimension and certain other considerations).
The notion of emergent spacetime is also suggested by
considerations of gauge-gravity duality [25, 26] (also see
[27–29] for some other scenarios in which notions of frac-
tal or emergent spacetime show up).
At this point it is worth noting that the notion of spec-
tral dimension mostly probes the microstructure of the
spacetime and is not directly related to the dynamics of
the underlying theory. However, one expects that in high
curvature regime quantum gravity effects will modify the
classical dynamics. There then exists the possibility that
the modified dynamics might lead to a dynamical evolu-
tion of spacetime dimensions. It is the second possibility
that is examined in this paper. We will motivate the no-
tion of emergent spacetime from the perspective of effec-
tive quantum gravity by constructing an example where
the exponent n in rn is not a constant but is a function of
the scale (say, n ≡ n(ℓP /r), ℓP being the Planck length),
so that only in the classical limit r ≫ ℓP do we recover
the classically observed dimensionality of spacetime.
Although the specific construction presented here for
a symmetry reduced model would not extend exactly to
the full theory, it might nevertheless be useful to con-
sider such toy models to develop an understanding and
intuition about how the new features of quantum gravity
might appear at an effective level. It might be thought
that a theory based on conventional notions of space-
time and differential geometry cannot really lead to an
emergent notion for spacetime and that one would need a
different (non-gravitational) starting point as is the case
with matrix models, CDT as well as scenarios involving
gauge-gravity duality. While this might be true of the full
theory of quantum gravity, we also believe that if there is
a notion of spacetime dimensions emerging as a function
of some scale in the quantum theory then it should also
3be possible to capture this feature at some kind of an
effective level.
It should be realized that spacetime is not a directly
observable entity and that the dimension of spacetime
appears only in the dynamics, and since the dynamics
may be modified away from the classical limit, the di-
mension may be modified as well in an effective model.
In other words, the present work is a new perspective on
dimension suggested by effective models.
Below we elaborate on the ideas suggested above. We
work in “2+1” dimensions – the lowest spacetime dimen-
sions in which spherical symmetry ansatz makes sense
(the quotes highlighting the fact, as will be demonstrated
below, that for symmetry reduced models the meaning
of dimensionality is non-trivial). In the next section we
present the new Hamiltonian(s) (incorporating the three
arbitrary functions mentioned earlier). The arbitrariness
of these functions is used in section III to construct a
new solution for a supposedly 2 + 1 dimensional space-
time. This solution is used to demonstrate that the con-
cept of the dimensionality of full spacetime is not so easy
to address in midisuperspace models by showing that the
solution so obtained actually corresponds to some higher
dimensional solution in general relativity. To remove any
ambiguity regarding the point being made we further
show that with an appropriate choice for the arbitrary
functions, the Hamiltonian of the (supposedly 2 + 1 di-
mensional) non-Einsteinian midisuperspace model can be
mapped to the Einsteinian (general relativistic) midis-
uperspace model in n + 2 dimensions. In section IV
we suggest possible implications of this observation for
the quantization of midisuperspace models with regard
to the appearence of fractional and/or emergent space-
time dimensions, as suggested by various approaches to
quantum gravity. Using a simple example we show that
dynamical quantum gravity effects can lead to emergent
dimensions. For comparison with the results in other ap-
proaches we also calculate the spectral dimension for our
model and find that the results are mutually consistent.
We conclude in section V.
II. NEW SECOND DERIVATIVE THEORIES OF
GRAVITY FOR SPHERICALLY SYMMETRIC
SPACETIME
In this section we present the new Hamiltonian(s) for
spherically symmetric spacetimes as found in [6] (also see
[30, 31]). We start by considering a spherically symmetric
spacetime in 2+1 dimensions. We will be interested in the
canonical formulation of the theory and for this purpose
we consider the Arnowitt-Deser-Misner (ADM) metric
ds2 = −N2dt2 + grr(dr +N rdt)2 + gφφdφ2, (1)
where N and N r are the lapse function and the shift
vector respectively and (grr, gφφ) are the dynamical vari-
ables. However, for our purposes it would be more con-
venient to trade-off the metric coefficients grr and gφφ for
two new variables Eϕ =
√
grrgφφ and E
r = gφφ so that
the metric takes the form
ds2 = −N2dt2 + (E
ϕ)2
Er
(dr +N rdt)2 + Erdφ2. (2)
Because of the assumption of spherical symmetry, all
these are functions of the coordinate time t and the ra-
dial coordinate r only (and for the same reason only the
r-component of the shift vector N i is non-zero).
The Hamiltonian and the diffeomorphism constraints
corresponding to the metric (2) (obtained after perform-
ing Legendre transformation on the Einstein-Hilbert La-
grangian L =
∫
dx
√−gR) are
H [N ] =
∫
drN
(
− 8G3KϕKrEr − 4G3K2ϕEϕ
− E
ϕ′Er
′
8G3(Eϕ)2
+
Er
′′
8G3Eϕ
− Λ3E
ϕ
4G3
)
≈ 0, (3)
D[N r] =
∫
drN r(KrE
r′ −K ′ϕEϕ) ≈ 0. (4)
In the above expressions (Kϕ,Kr) are the canonical mo-
menta conjugate to (Eϕ, Er) respectively, and these obey
the Poisson bracket relations {Eϕ(x),Kϕ(y)} = δ(x, y)
and {Er(x),Kr(x)} = δ(x, y). G3 is Newton’s constant
for 2+1 dimensions while Λ3 is the cosmological constant
(and for reasons that will become apparent in the next
section, we distinguish the 2+1 dimensional cosmological
constant by use of the subscript denoting spacetime di-
mensions). A prime (′) in the above expressions denotes
a derivative with respect to r.
These constraints satisfy the following Poisson bracket
algebra
{H [N ], H [M ]} = D[Er(Eϕ)−2(NM−1 −N−1M)],(5)
{D[N r], H [N ]} = H [N ′N r], (6)
{D[N r], D[M r]} = D[N rM r′ −N r′M r]. (7)
As is well known, the above algebra encodes the diffeo-
morphism invariance of general relativity in the canoni-
cal formulation (specifically, diffeomorphisms in the t− r
plane for spherically symmetric spacetimes) [7].
Following [6, 30, 31] we can construct many more
theories (actually infinite) which are quadratic in mo-
menta and involve at most the second derivative of the
metric variables and which satisfy the same constraint
algebra as above. That is, these theories do not in-
volve any higher derivative/curvature modifications of
the Einstein-Hilbert Lagrangian and yet are not the sym-
metry reduced version of general relativity and at the
same time satisfy the constraint algebra (5)-(7).
In brief, the basic idea for obtaining the new Hamil-
tonians is to first modify the Hamiltonian constraint (3)
with Er dependent functions αi(E
r) so that
H¯ [N ] =
∫
drN
(
− 8G3α1KϕKrEr − 4G3α2K2ϕEϕ
−α3E
ϕ′Er
′
8G3(Eϕ)2
+
α4E
r′′
8G3Eϕ
− α5Λ3E
ϕ
4G3
)
, (8)
4leaving the diffeomorphism constraint (4) unmodified. The next step is to evaluate the Poisson bracket
{H¯[N ], H¯ [M ]} =
∫
dr
Er
(Eϕ)2
(N ′M −NM ′)
[
α1(α4K
′
ϕE
ϕ − α3KrEr
′
) + α1(α4 − α3)KϕEϕ
′
+
(
α1α4 − α2α3
Er
+ α4
dα1
dEr
− α1 dα4
dEr
)
KϕE
ϕEr
′
]
. (9)
For anomaly-free algebra we get the condition α3 = α4
and (α1α4 − α2α3) + Er(α4dα1/dEr − α1dα4/dEr) =
0. Use of the first condition already implies that the
{D[N r], H¯ [N ]} bracket has the standard form (6). Also
the first condition when used in the second condition al-
lows α2 (say) to be expressed in terms of α1 and α3.
That is, we are left with only three arbitrary functions
(α1, α3, α5) instead of the five we started with. Use of
these conditions further implies that the bracket
{H¯[N ], H¯ [M ]} = D[α1α3Er(Eϕ)−2(NM ′ −N ′M)].
(10)
The next step is to perform a canonical transformation
taking (Er,Kr) → (E¯r, K¯r) using the generating func-
tion F3 = −α1α3ErK¯r. Finally, one writes the Hamil-
tonian H¯ [N ] and the diffeomorphism constraint (4) in
terms of the new pair (K¯r, E¯
r). It turns out that the
diffeomorphism constraint retains its form even in terms
of the new variables:
D[N r] =
∫
drN r(K¯rE¯
r′ −K ′ϕEϕ) ≈ 0. (11)
It is also easy to check that the Hamiltonian (8) written
in terms of the new variables:
H¯[N ] =
∫
dr N
[
− 8G3A1KϕK¯rE¯r − 4G3A2K2ϕEϕ −
Eϕ
′
E¯r
′
8G3A1(Eϕ)2
+
E¯r
′′
8G3A1Eϕ
− A3(E¯
r′)2
4G3Eϕ
− A5Λ3E
ϕ
4G3
]
≈ 0, (12)
along with the expression (11) for the diffeomorphism
constraint satisfies the constraint algebra (5)-(7) (see [6]
for a detailed discussion). In the above equation A1,
A2 and A5 are independent and arbitrary functions of
E¯r (which have been traded for the original and equally
arbitrary functions (α1, α3, α5)) and A3 is determined in
terms of A1 and A2 by the relation
A3(E¯
r) =
1
4A1E¯r
+
1
2A21
dA1
dE¯r
− A2
4A21E¯
r
. (13)
Furthermore, it has to be remembered that now the ADM
metric (2) is written with Er replaced by E¯r. An ex-
plicit demonstration that the resulting theory is diffeo-
morphism invariant can be found in [30] (although the
fact that the constraint algebra closes in exactly the same
way as for the symmetry reduced general relativity is a
sufficient proof).
The presence of arbitrary functions
(A1(E¯
r), A2(E¯
r), A5(E¯
r)) implies that, in general,
the theory is non-Einsteinian (it is Einsteinian in n + 2
dimensions for specific values of these functions – see
equations (22)-(24) below; in 2 + 1 dimensions this
corresponds to A1 = A2 = A5 = 1 and A3 = 0).
Actually the conclusion that the resulting models are
not symmetry reduced versions of general relativity is
slightly more subtle than this and following [7] one has
to verify that the momenta conjugate to the metric
variables in the two theories do not differ just by terms
depending on the spatial geometry but also on how the
spatial slice is embedded in the spacetime if the theories
given by (12) are to qualify as new theories inequivalent
to symmetry reduced version of general relativity (a
proof of this can be found in [6]).
Since for A1, A2 and A5 not equal to one, the theory
is not the symmetry reduced version of general relativ-
ity, one might ask what is the meaning of these models?
We take the point of view that these new theories can
be thought of as incorporating certain quantum gravity
effects at an effective level (in the form of arbitrary func-
tions Ai whose exact form will be given by the underlying
quantum theory of gravity). Even when not incorporat-
ing all possible quantum gravity corrections to the sym-
metry reduced model, these functions will nevertheless
be representative of certain class of quantum gravity cor-
rections. The presence of free functions in the Hamilto-
nian (12) might suggest that the quantum theory is not
highly constrained. However, all models of LQG ana-
lyzed using the effective-dynamics approach (as opposed
to, e.g., hybrid loop quantum cosmology quantization or
the dressed-metric approach to quantization), including
cosmological perturbations, have such free functions [32–
34] (where such corrections occur quite naturally).
As an aside we would like to note that the fact that for
spherically reduced 2 + 1 dimensional general relativity
5A3 = 0 means that the term involving A3 (the (E¯
r′)2/Eϕ
term in (12)) is completely new (compare with (3)). This
is unlike what happens when one obtains new theories
starting with the symmetry reduced version of 3 + 1 di-
mensional general relativity. In that case the basic terms
in the new Hamiltonian continue to be the same as those
in the Hamiltonian of the Einsteinian theory, with only
the coefficients of these terms being arbitrary (similar to
Ai(E¯
r) here) [6].
The equations of motion Q˙ = {Q, H¯[N ] + D¯[N r]}
(where Q ≡ (E¯r, K¯r, Eϕ,Kϕ)) resulting from (11) and
(12) are:
˙¯Er = −8G3NA1KϕE¯r +N rE¯r
′
, (14)
E˙ϕ = −8G3NA1K¯rE¯r − 8G3NA2KϕEϕ +N r
′
Eϕ +N rEϕ
′
, (15)
˙¯Kϕ = 4G3NA2K
2
ϕ −
N(E¯r
′
)2
16G3A1E¯r(Eϕ)2
+
NA2(E¯
r′)2
16G3A21E¯
r(Eϕ)2
− N
′E¯r
′
8G3A1(Eϕ)2
+N rK ′ϕ +
NA5Λ3
4G3
, (16)
˙¯Kr = 8G3NA1KϕK¯r + 8G3NKϕK¯rE¯
r dA1
dE¯r
+ 4G3NK
2
ϕE
ϕ dA2
dE¯r
− N
′′
8G3A1Eϕ
+
N ′Eϕ
′
8G3A1(Eϕ)2
− N
′E¯r
′
8G3A1EϕE¯r
+
N(E¯r
′
)2
16G3A1Eϕ(E¯r)2
− NA2(E¯
r′)2
16G3A21E
ϕ(E¯r)2
+
N ′A2E¯
r′
8G3A21E
ϕE¯r
− NE¯
r′′
8G3A1EϕE¯r
+
NA2E¯
r′′
8G3A12EϕE¯r
+
NEϕ
′
E¯r
′
8G3A1(Eϕ)2E¯r
− NA2E
ϕ′E¯r
′
8G3A21(E
ϕ)2E¯r
+
N(E¯r
′
)2
16G3A21E
ϕE¯r
dA1
dE¯r
+
N(E¯r
′
)2
16G3A21E
ϕE¯r
dA2
dE¯r
− NA2(E¯
r′)2
8G3A31E
ϕE¯r
dA1
dE¯r
+
NΛ3E
ϕ
4G3
dA5
dE¯r
+N r
′
K¯r +N
rK¯ ′r. (17)
The presence of arbitrary functions (A1, A2, A5) along
with the new term in the Hamiltonian suggests the pos-
sibility that using this freedom one could solve the con-
straints (11) and (12) and the equations of motion to ob-
tain asymptotically flat static black hole solutions even
for 2 + 1 dimensional spacetimes - a possibility which
does not exist in 2+1 dimensional general relativity. We
next show that this is a subtle issue related to the mean-
ing of dimensionality of spacetime for symmetry reduced
models.
III. MEANING OF DIMENSIONALITY OF
SPACETIME FOR SYMMETRY REDUCED
MODELS?
Since we started with modifications to the classical
(spherically symmetric) general relativity in 2 + 1 di-
mensions, it would appear that the modified theory is
for 2 + 1 dimensions. That this is not the case can be
demonstrated easily. Consider the following choice for
A1, A2 and A5
1
1 The coefficients Ai in (18) which lead to the classical
Schwarzschild metric in 4 + 1 dimensions (see (19)) do not cor-
respond to the choice n = 3 in equations (22)-(24) below. The
non-trivial choice is made for two related reasons. If we choose
Ai’s as in (22)-(23) with n = 3 (and with A5 = 0 so that the
cosmological term in (12) does not contribute since we want
A1(E¯
r) =
1
Λ3E¯r
, A2(E¯
r) = 0, A5(E¯
r) = 1, (18)
which, from (13), implies that A3(E¯
r) = −Λ3/4. With
this choice the (static) solution of the equations of motion
and the constraints (11), (12) (in the gauge E¯r = r2)
gives the metric
ds2 = −
(
1− c
r2
)
dt2 +
(
1− c
r2
)
−1
dr2 + r2dφ2. (19)
We see that for c > 0 this metric corresponds to an
asymptotically flat black hole spacetime with the horizon
at r =
√
c (interestingly, any reference to the cosmologi-
cal constant has disappeared in the metric above).
From the metric (19) it is obvious that this is not a
solution in 2 + 1 dimensions as one would have naively
thought but corresponds to the Schwarzschild black hole
in 4 + 1 dimensions (for a fixed value of the other two
angular coordinates (ξ, θ) that would be present in 4+ 1
dimensions). Apart from showing that the modified the-
ory of the previous section does not correspond to a 2+1
asymptotically flat solution), the choice would trivially corre-
spond to general relativity though for different dimensionality
of the spacetime compared to what we started with (which was
2 + 1). The choice in (18) demonstrates (though, admittedly,
as an extreme case) the non-triviality of the notion of spacetime
dimension when corrections to general relativity are present.
6dimensional theory, this example also brings into ques-
tion the meaning of spacetime dimensionality for these
theories.
To answer this we recall that after imposing spherical
symmetry on spacetime, we are effectively left with a
theory in the two dimensional t − r plane only (as far
as the spacetime dependence of the metric functions is
concerned) as can be seen from the metric for spherically
symmetric spacetimes:
ds2 = −N2dt2 + (E
ϕ)2
Er
(dr +N rdt)2 + ErdΩ2n. (20)
The only place where the information about the number
of spacetime dimensions appears is in the dΩ2n part of the
metric and this part is passive as far as the spherically
reduced theory is concerned.
We can, in fact, explicitly demonstrate that the in-
formation about the dimensionality of the full spacetime
is lost for symmetry reduced models (this, as we will try
and argue in the next section, is especially relevant in sit-
uations where the classical theory could be modified due
to the presence of quantum gravity effects). We start
by considering the Hamiltonian of spherically symmet-
ric general relativity in n+ 2 dimensions (where n is the
number of angular dimensions and the 2 corresponds to
one radial and one temporal dimension):
Hn+2 =
∫
drN
[
− G˜dKϕKr
n(Er)(n−3)/2
+
(n− 3)G˜dK2ϕEϕ
4n(Er)(n−1)/2
− n(n− 1)E
ϕ(Er)(n−3)/2
G˜d
+
nEr
′′
(Er)(n−1)/2
G˜dEϕ
+
n(n− 1)(Er′)2(Er)(n−3)/2
4G˜dEϕ
− nE
r′Eϕ
′
(Er)(n−1)/2
G˜d(Eϕ)2
− 2ΛdE
ϕ(Er)(n−1)/2
G˜d
]
. (21)
Here G˜d = 4nGdΓ((n+ 1)/2)/(n− 1)π(n−1)/2, Gd being
Newton’s constant in d = n + 2 dimensional spacetime.
There is an apparent problem with this definition for n =
1 (d = 3), and in that case we simply use the definition
G˜3 = 8G3.
It turns out that the Hamiltonian in (12) has enough
freedom in the form of functions A1, A2 and A5 that it
can always be mapped to (21). If we make the choice
A1 =
G˜d
8nG3(Er)(n−1)/2
, (22)
A2 =
(3− n)G˜d
16nG3(Er)(n−1)/2
, (23)
A5 =
4n(n− 1)G3(Er)(n−3)/2
G˜dΛ3
+
8ΛdG3(E
r)(n−1)/2
G˜dΛ3
,
(24)
then equation (12) gets mapped to (21). Here we have
distinguished Λ3 from Λd to keep things explicit. This
explicitly demonstrates that from the perspective of the
reduced theory one cannot say how many spacetime di-
mensions one is in.
As already mentioned, this is not very surprising since
for symmetry reduced models the dimensionality of the
phase space is not related to the dimensionality of the
embedding spacetime. For symmetry reduced classical
general relativity this does not make much difference,
since the information about the dimensionality of the full
spacetime can be read from the coefficients in the Hamil-
tonian (21) or from the form of the solutions of the corre-
sponding Einstein equations which explicitly depend on
the number of angular dimensions n.
What is important to realize is that when one consid-
ers quantum corrections to (symmetry reduced) general
relativity then, in the effective theory, the coefficients Ai
would not, in general, be the ones given by (22)-(24) but
would be determined by the underlying quantum theory
(here we are taking the view point that some aspects
of the dynamics of quantum gravity are captured in the
coefficients Ai without the need for introducing higher
derivative/curvature terms). In such a situation the clas-
sical meaning of dimensionality of spacetime becomes
non-trivial (and, in fact, need not even apply) since the
corresponding solution of the equations of motion need
not correspond to a solution in classical general relativ-
ity and can even lead to a notion of emergent spacetime
dimensions even at the effective level as we try to demon-
strate next.
IV. POSSIBLE IMPLICATION(S) OF THE NEW
HAMILTONIANS
The choice (22)-(24) corresponds to one particular
choice for (A1, A2, A5). However, as mentioned earlier,
these functions are completely arbitrary functions of E¯r
and other choices for these functions will lead to corre-
sponding solution metric such that, in general, the space-
time dimensionality inferred from them will be different
from the dimensionality of the classical (and symmetry
reduced) theory one started with (we repeat that, al-
though presented as classical theories, the main point is
that the actual form of functions Ai will be supplied by
an underlying quantum theory, see below).
To be more specific, for n ∈ Z in equations (22)-(24),
the form of the solution will be (1 − c/rn−1). Its cor-
7respondence with the solution of the symmetry reduced
general relativity then allows one to say what is the ac-
tual dimensionality of the spacetime corresponding to
which the metric is a solution (irrespective of the fact
that one considered modifications to the Hamiltonian in
2+1 dimensions), the actual dimensionality of spacetime
is d = n + 2. However, for non-integral n the solution
metric can have the form of the Schwarzschild solution
(1 − c/ra) but with a ∈ R which can therefore be in-
terpreted as a black hole in a spacetime with fractional
dimensions!
More generally, since we are taking the point of view
that the Ai’s are given by the underlying quantum the-
ory of gravity, the form of the functions Ai will not be
that given in (22)-(24) (even with non-integral n) and
will additionally depend on the Planck length ℓP . Fur-
thermore, we expect the solution incorporating quantum
corrections to go over to the corresponding classical so-
lution in the limit when the Planck length ℓP → 0 and,
therefore, the semi-classical solution can be expected to
have the form (1− cf(r)/rn) (where f(r) depends on the
exact form of the Ai’s and will satisfy f(r) → 1 when
ℓP → 0) instead of (1 − c/ra) which does not have the
correct classical limit for a fixed a.
On the other hand, a solution of the form (1− c/ra) is
still allowed by the new theories with the correct classical
limit if the exponent of r, instead of being a constant, is a
function of r, that is a ≡ a(r) so that the dimensionality
of spacetime becomes an emergent notion 2 (here we are
working in the gauge E¯r = r2; in general, the exponent
will depend on E¯r instead of r). Since the exponent
has to be dimensionless, the exact dependence on r (or
E¯r) will come in the combination a(ℓP /r) (or a(ℓ
2
P /E¯
r)).
Below we give a simple illustration of how such a scenario
can be realized for a suitable choice of the functions Ai.
Consider the following choice for the arbitrary func-
tions (we work in the gauge E¯r = r2 and therefore write
Ai’s as functions of r instead of E¯
r)
A1(r) = (
√
Λr)−a(r), a(r) = m− bℓP
r
, (m ∈ N, b ∈ R),
A2(r) = (
√
Λr)−a(r)
[
1− a(r)
2
− ra
′(r)
2
ln(
√
Λr)
]
,
A5(r) =
(
√
Λr)a(r)−2
2
[
a(r) + ra′(r)ln(
√
Λr)
]
. (25)
For this choice, the solution of equations of motion (14)-
(17) and the constraints (11), (12) is
N =
(
1− cΛ
bℓP /2r
ra(r)
)1/2
, (26)
Eϕ = r
(
1− cΛ
bℓP /2r
ra(r)
)−1/2
. (27)
2 Author thanks Martin Bojowald for suggesting this possibility.
This solution implies that the metric is
ds2 = −
(
1− cΛ
bℓP /2r
ra(r)
)
dt2+
(
1− cΛ
bℓP /2r
ra(r)
)−1
dr2+r2dΩ2.
(28)
Since a(r) = m − bℓP /r with m ∈ N, we see that in the
classical limit where ℓP /r → 0, we recover the classical
metric inm+3 spacetime dimensions (if we writem = n−
1 then in the notation of the previous sections we have the
classical metric in n+2 spacetime dimensions). However,
away from the classical limit we find that the spacetime
dimensionality will be different and, in general, will be
fractional. Thus, we have here a very simple illustration
of how the notion of emergent spacetime can arise from
dynamical quantum gravity effects.
To make the idea of emergent dimensions arising from
quantum dynamics more concrete and also to make con-
tact with the notion of emergent dimensions used in the
literature [13–21, 23, 24, 27], we would now like to cal-
culate the spectral dimension for the above model. The
spectral dimension dS of a space is defined as
dS = −2d lnP (τ)
d ln τ
. (29)
In the above equation, P (τ) is the average return proba-
bility for a diffusion process in (fictitious) ‘time’ τ , with
the average return probability itself given by
P (τ) =
1
V (g)
∫
dx
√
g ρ(x,x; τ) ≡ 1
V (g)
Tr ρ(τ), (30)
where ρ(x,x′; τ) is the probability density for diffusion
from point x to point x′ in time τ , g is the determinant
of the metric on the spacetime under consideration and
V (g) being the corresponding volume. The probability
density satisfies the heat equation(
∂
∂τ
−x
)
ρ(x,x′; τ) = 0, ρ(x,x′; 0) = δ(x− x′),
(31)
and is thus identified as the heat kernel (x is the
Laplace-Beltrami operator on the space under consider-
ation).
Having defined the spectral dimension we now calcu-
late the same for the Euclideanized version of (28). We
would be interested in processes with short diffusion time
τ and therefore consider the Seeley-Dewitt expansion of
the heat kernel (valid for short τ) according to which the
trace of the heat kernel is given by (see [35], for instance)
Tr ρ(τ) =
∫
d4x
√
g
(4πτ)2
(
1 + τ
R
6
)
, (32)
whereR is the Ricci scalar for the spacetime. Calculating
the trace of the heat kernel for the Euclideanized version
of (28) and using the result in eqs. (30) and (29) one
finds (we integrate in the radial direction from the origin
to R)
dS = 4
(
1− 5f(R)τ
2
)
, (33)
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f(R) =
cΛbℓP /2R
4R4−bℓP /R
(2bℓP + 2R− bℓP lnΛR2).
As we do not have an underlying theory of quan-
tum gravity, we do not expect the result to be valid for
R ≈ ℓP . However, if we consider R to be sufficiently
large compared to the Planck length but small compared
to macroscopic scales, the above expression for spectral
dimension can be used to see how the spectral dimen-
sion behaves as a function of R. First we notice that
for R in the above range, f(R) > 0 (we assume Λ > 0).
This implies that the spectral dimension is less than 4.
This is consistent with the results obtained for spectral
dimensions at small scales in several other approaches
[13–18, 20, 21, 23]. Furthermore, for fixed values of
(c,Λ, b, τ) we also find that at macroscopic scales, that is,
as R→∞, f(R)→ 0 and the spectral dimension dS → 4
and we recover the standard result.
We would like to stress that we are not saying that
in quantum gravity emergent spacetime arises precisely
in the manner of the previous example. That example
was only for illustration purposes and the specific choice
made for a(r) was based on the general consideration that
for r ≫ ℓP the spacetime dimensionality should be that
of the classical theory which was being quantized. The
choice a(r) = m−bℓP /r was one of the simplest possibil-
ities to realize this expectation. As emphasized earlier,
the exact form of a(r) will be given by the underlying
quantum theory of gravity. What we are pointing out is
that the concept of emergent spacetime, as is suggested
by various approaches to quantum gravity like the causal
dynamical triangulation [13] or fractal spacetime [22] (or
even from the perspective of gauge-gravity duality [26]),
can be easily accommodated even at an effective level as
indicated by the example above.
Normally quantum gravity is expected to have two im-
plications. First, it will give rise to a microstructure for
the spacetime and second, it will lead to a modified grav-
itational dynamics which, in general, will be important
in the high curvature regime. The former is what is cap-
tured by the computation of spectral dimensions in var-
ious quantum gravity approaches while the effect of dy-
namical quantum gravity effects on spacetime dimensions
is what we have tried to motivate in this paper. From
this dynamical quantum gravity perspective and in the
spirit of the example considered above, if we consider
the application to black hole spacetime, then we expect
that if we scatter a test particle in the background of
the Schwarzschild BH (say), then in the high curvature
regime the scattering behavior would be different from
the classical 3+1 dimensional behavior. The particle can
scatter so that it appears to be scattering in a spacetime
with (effective) dimensions different from 3+1.
We would also like to add that since the main aim
of the previous example was to illustrate the possibility
of emergent spacetime dimensionality, we considered the
simplest model of static spacetime. More realistic sce-
narios of emergent spacetime would most likely also have
temporal evolution towards classicality and such a situa-
tion can naturally occur in the cosmological context. By
incorporating suitable matter degrees of freedom in the
new theories (which will lead to another Er-dependent
arbitrary function in the matter Hamiltonian [6]) one
can obtain dynamical models which mimic cosmological
evolution but with fractional (and emergent) spacetime
dimensionality at early times and go over to the classical
limit only at late times (for instance, the spherically sym-
metric classical Lemaitre–Tolman–Bondi models, where
the matter is in the form of pressureless dust, are often
used to model inhomogeneous cosmology).
It might seem that classical spacetime dimensionality
(obtained from the asymptotic behavior of gtt, say) is
recovered only in the r → ∞ limit, which appears un-
realistic since we expect such strong quantum modifica-
tions as fractional or emergent spacetime dimensions to
arise in deep quantum regime. However, as already men-
tioned, the specific example considered was chosen for
its simplicity to bring out the key point that midisuper-
space models can accommodate the scenario of emergent
spacetime. In specific quantum theories, for large but
finite r, there may still be corrections but, in general,
these would keep the spacetime dimensionality close to
the classical dimensions (the difference being of the or-
der of the Planck length). Alternatively, one can view the
model considered not so much as a model for black holes
but rather as a model of possible space-time structures
in which case the asymptotic form of the metric can be
viewed as a simpler version of spectral or other dimen-
sions used in the examples of CDT and other theories.
If one considers quantization of midisuperspace mod-
els then, demanding diffeomorphism invariance to be a
good symmetry of the quantum theory one would want
the quantized theory to satisfy the classical constraint
algebra (5)-(7). In such a situation quantum corrections
would (presumably) lead to a modification of the space-
time metric (in the semi-classical regime one expects the
notion of metric to be well defined). As seen above, for a
modified (effective) theory, the most natural interpreta-
tion of spacetime dimensions will probably be an emer-
gent one, including the possibility for fractional dimen-
sions (unless the quantum corrections only renormalize
the classical parameters like the mass and charge of the
black hole, including Newton’s constant, but leave the
overall structure of the metric unmodified - an unlikely
scenario as suggested by several studies of the effects of
LQG corrections on black hole metric [8–12]).
As mentioned earlier, the conventional wisdom is that
to have a notion of emergent spacetime, one will need to
start from a non-geometrical theory like those based on
matrix models or gauge-gravity duality [25, 26] whereas
the theory we have discussed here is based on conven-
tional geometric ideas. On the other hand, by now there
are ample examples demonstrating the notion of emer-
gent spacetime even in other approaches to quantum
gravity [13–21, 23, 24, 27, 28]. Additionally, we again
9emphasize that the viewpoint taken here is that of ef-
fective theory, in particular, the role of the modified dy-
namics resulting from (effective) quantum gravity. The
calculations have not been performed in a full quantum
gravity theory. What we have shown is that aspects of
emergent spacetime might be usefully captured even at
the effective level in the form of the coefficients Ai ap-
pearing in (12) whose exact form will be determined by
the underlying quantum theory.
V. CONCLUSIONS
In this paper we highlighted that when working with
symmetry reduced models of spacetime, the so called
minisuperspace and midisuperspace models, one has to
be careful when considering the dimensionality of space-
time in which these models are supposedly embedded.
This has to be especially so when considering the quan-
tization of these models. Our intuition regarding the di-
mensionality of embeddding spacetime in based on the
solutions in classical general relativity. As explicitly
shown in this paper, this implies that we should allow the
possibility of emergent spacetime in the quantum theory.
Our discussion relied on the solutions obtained in re-
cently constructed (new) second derivative theories of
gravity for spherically symmetric spacetime. If we make
the reasonable assumption that the classical version of
the constraint algebra continues to hold even in quan-
tum gravity (this can be thought of as an algebraic no-
tion of general covariance) then, at least at the effective
level, quantum gravity corrections will lead to a modi-
fication of the Hamiltonian of the classical theory. The
new symmetry reduced models mentioned above can be
seen in this light. That is, they allow possible incorpora-
tion of (dynamical) quantum gravity effects (in the form
of functions Ai) without requiring the addition of higher
curvature/derivative terms.
Using these models we explicitly showed that since
in the presence of spherical symmetry the phase space
of general relativity is of dimensions 4∞ irrespective of
the dimensionality of the embedding spacetime, we can-
not make naive conclusions about spacetime dimensions
when there are quantum corrections present. To empha-
size this point we also demonstrated that with a suitable
choice for the functions Ai, a supposedly 2+1 dimensional
model can be mapped to a classical(general relativistic)
model in any number of spacetime dimensions.
As a more interesting consequence of these new models
we further showed that modified (quantum) gravitational
dynamics allows for the possibility of emergent and frac-
tional spacetime. To illustrate the idea we considered a
particular spacetime (28) that is allowed within the class
of models considered. As a concrete notion of dimen-
sionality of (Euclideanized) spacetime we focussed on the
spectral dimension dS and found that at small scales it
showed a reduction from the topological value of four.
We also found that at macroscopic scales, as desired,
the spectral dimension of the spacetime matched with
the topological dimension. And although we considered
spherically symmetric models only, we expect the conclu-
sion to hold more generally. The possibility of emergent
spacetime has been suggested by various approaches to
quantum gravity [13–29]. For illustration purposes we
considered only the case of static spacetime and the emer-
gent nature of spacetime was apparent only with respect
to the spatial scale. However, in a more realistic situa-
tion, emergent behavior in time is also expected and this
can be achieved by incorporating suitable matter degrees
of freedom to mimic certain cosmological scenarios.
In the context of LQG the earliest computation of
spectral dimension was done in [17] by considering the
scale dependence of the area operator spectrum for spin-
network states as well as for spin-foam models [18]. It
was found that at high energies (small scales) the spec-
tral dimension of the spatial manifold reduces to two. A
more detailed and systematic study of scale dependence
of spectral dimension for quantum geometries was ini-
tiated in [15] where the role of the underlying discrete
structures was explored by considering the full discrete
Laplacian acting on (coherent) states of quantum geom-
etry. No strong evidence for dimensional flow was, how-
ever, found. In a more recent work [16] the role of com-
binatorial discreteness and of superpositions of combina-
torial structures was considered. It was found that, in
general, the UV dimension becomes smaller than four to
a state-dependent value (and for certain special kinemat-
ical states a value of dS = 2 was also found).
Since some of the considerations of the present pa-
per are motivated by LQG, it might seem worthwhile
to compare the above mentioned results with those ob-
tained here. To this end we note that although both, the
more concrete LQG results of the previous paragraph and
the conclusions of the presnt paper show dimensional re-
duction at small scales, a direct comparison of this kind
would be difficult to make. The reason for this lies in
certain caveats which we mention next. First of all we
note that even though the construction of the Hamilto-
nian (12) came from exploring the consequences of LQG
for spherically symmetric models (see [6, 30, 31] for more
details), the Hamiltonian itself is not limited to LQG cor-
rections per se (the functions Ai are arbitrary). Further-
more, the results of the present paper focus more on the
possible role of (effective) quantum dynamics for space-
time dimensions, whereas the previous works focussed
more on the kinematical aspects of the theory.
Lastly we would like to note that the particular choice
for the Ai’s in (25) did not arise from LQG considerations
but was made so that the resulting spacetime metric (28)
has a simple (and somewhat familiar) form so that the
notion of emergent spacetime dimensions is easy to ap-
preciate. The correction functions Ai’s for LQG would
be more involved but are expected to give qualitatively
similar results.
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